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What is a Group Ring?

» Donald S. Passman says in the Preface of his book:
Infinite Group Rings, Marcel Dekker, New York, 1971:

Figure : Donald S. Passman (1940-)
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» The group ring K[G] is an associative ring which exhibits
properties of the group G and the field of coefficients K. As
the name implies, its study is a meeting place for group theory
and ring theory, and as such it has been approached from
many different points of view. For example, the finite group
theorist does character theory and the analyst does operator
theory and Fourier analysis.
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» The group ring K[G] is an associative ring which exhibits
properties of the group G and the field of coefficients K. As
the name implies, its study is a meeting place for group theory
and ring theory, and as such it has been approached from
many different points of view. For example, the finite group
theorist does character theory and the analyst does operator
theory and Fourier analysis.

» This algebraic study of group rings was initiated in 1949 by I.
Kaplansky, but it did not really catch on until the
fundamental work of S. A. Amitsur appeared some ten years
later. Since then the subject has been pursued by a small but
growing number of researchers, and at this point in time it
has reached the stage in its development where a coherent
account of the basic results is needed.
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What is a Group Ring?

Figure : Irving Kaplansky (1917-2006)

Figure : Shimshon Avraham Amitsur (1921-1994)



What is a Group Ring?

» Let R be any (associative) ring and G be a group.
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What is a Group Ring?

» Let R be any (associative) ring and G be a group.

» The Group Ring R[G] consists of all functions f : G — R such
that supp(f) = {x € G | f(x) # Og} is finite.

» Every element f € R[G] is denoted by >
f(g) = rg for all g € supp(f).

gcsupp(F) &8 where
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» Let R be any (associative) ring and G be a group.

» The Group Ring R[G] consists of all functions f : G — R such
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What is a Group Ring?

» Let R be any (associative) ring and G be a group.

» The Group Ring R[G] consists of all functions f : G — R such
that supp(f) = {x € G | f(x) # Og} is finite.

» Every element f € R[G] is denoted by >
f(g) = rg for all g € supp(f).

» By an abuse of notation we denote an arbitrary element of
R[G] as ), c¢ axX, where it is assumed that
{x € G| ax # Or} is finite.

» The Group Ring R[G] has a structure of a ring by the
following addition and multiplication:

> D owec OxX + Dy Bxx = Yieg(ax + Bi)x;
> D xe6 X 2wes PxX = Ysee <ZyEG ayﬁy*1x> X.

gcsupp(F) &8 where
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Zero and One of Group Rings

» The zero of R[G] is the constant function mapping all
elements of G to Og;
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Zero and One of Group Rings

» The zero of R[G] is the constant function mapping all
elements of G to Og;

» If we assume R has the identity, then R[G] has an identity.
This is 1g1g which is the function from G to R mapping all
elements x € G \ {1g} to Og and 1¢ to 1g.
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Kaplansky Zero Divisor Conjecture (

> A zero divisor in a ring R is a non-zero element a for which
there exists a non-zero element b € R such that ab=20 or
ba = 0.
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Kaplansky Zero Divisor Conjecture (

> A zero divisor in a ring R is a non-zero element a for which
there exists a non-zero element b € R such that ab=0 or
ba=0.

> An obvious necessary condition to not have zero divisors in a
group ring is the being domain of the ring as
(r1 . 1G)(r2 . ]-G) = (r1r2) . 1G-
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Kaplansky Zero Divisor Conjecture (KZDC)

> A zero divisor in a ring R is a non-zero element a for which
there exists a non-zero element b € R such that ab=0 or
ba=0.

> An obvious necessary condition to not have zero divisors in a
group ring is the being domain of the ring as
(r1 . 1G)(r2 . ]-G) = (r1r2) . 1G-

> Let a be an element of finite order n > 1 in a group. Then
(a—1)(a"t+---+a+1)=a"—1=0in the group ring RG
for any ring R with identity. This means that a necessary
condition to not have zero divisors in a group ring is the
torsion-freeness of the group.
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A zero divisor in a ring R is a non-zero element a for which
there exists a non-zero element b € R such that ab=0 or
ba=0.

An obvious necessary condition to not have zero divisors in a
group ring is the being domain of the ring as

(r1 . 1G)(r2 . ]-G) = (r1r2) . 1G-

Let a be an element of finite order n > 1 in a group. Then
(a—1)(a"t+---+a+1)=a"—1=0in the group ring RG
for any ring R with identity. This means that a necessary
condition to not have zero divisors in a group ring is the
torsion-freeness of the group.

(Kaplansky Zero Divisor Conjecture (KZDC)). For a
torsion-free group G and an integral domain R, the group ring
RG contains no zero divisor.
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Kaplansky Zero Divisor Conjecture (KZDC)

» A group G is said to be a u.p.-group (unique product group)
if, given any two nonempty finite subsets A and B of G, there
exists at least one element x € G that has a unique
representation in the form x = ab with a € A and b € B.

Alireza Abdollahi Kaplansky zero divisor conjecture



Kaplansky Zero Divisor Conjecture (KZDC)

» A group G is said to be a u.p.-group (unique product group)
if, given any two nonempty finite subsets A and B of G, there
exists at least one element x € G that has a unique
representation in the form x = ab with a € A and b € B.

» The class of u.p.-groups is closed under taking extensions,
subgroups, subcartesian product. Moreover if every finitely
generated non-trivial subgroup of a group G has a non-trivial
u.p.-group, then G is itself is a u.p.-group.
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>

A group G is said to be a u.p.-group (unique product group)
if, given any two nonempty finite subsets A and B of G, there
exists at least one element x € G that has a unique
representation in the form x = ab with a € A and b € B.

The class of u.p.-groups is closed under taking extensions,
subgroups, subcartesian product. Moreover if every finitely
generated non-trivial subgroup of a group G has a non-trivial
u.p.-group, then G is itself is a u.p.-group.

All right orderable groups are u.p.-groups. Torsion-free abelian
groups are orderable.

There are torsion-free groups which are not u.p.-groups.
It is not known whether u.p.-groups are right orderable.
KZDC is valid for u.p.-groups.
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Kaplansky Zero Divisor Conjecture (KZDC)

> (J. Lewin 1971) KZDC is valid for amalgamated free products
when the group ring of the subgroup over which the amalgam
is formed satisfies the Ore condition.
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groups.
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when the group ring of the subgroup over which the amalgam
is formed satisfies the Ore condition.

» (J. Lewin and T. Lewin 1978) KZDC is valid for one-relator
groups.
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(J. Lewin 1971) KZDC is valid for amalgamated free products

when the group ring of the subgroup over which the amalgam

is formed satisfies the Ore condition.

» (J. Lewin and T. Lewin 1978) KZDC is valid for one-relator
groups.

» (P. H. Kropholler, P. A. Linnell and J. A. Moody, 1988)
KZDC is valid for torsion-free elementary amenable groups.

» The class of elementary amenable groups contains all solvable

and finite groups and it is closed under taking subgroup and
extensions.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» Denote the size of Supp(«) by length(«) for any element « in
a group ring. So length(«) is a positive integer if and only if

a#0.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» Denote the size of Supp(«) by length(«) for any element « in
a group ring. So length(«) is a positive integer if and only if
a#0.

» If KZDC is not valid in general, there should be a field F, a
torsion-free group G and two non-zero elements o, 3 € FG
such that a5 = 0. So the set KZDC(F, G) defined as follows
{(ISupp(@)|, [Supp(B)|) EN XN : af =0,a,8 € FG \ {0}}

is non-empty.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» Denote the size of Supp(«) by length(«) for any element « in
a group ring. So length(«) is a positive integer if and only if
a#0.

» If KZDC is not valid in general, there should be a field F, a
torsion-free group G and two non-zero elements o, 3 € FG
such that a5 = 0. So the set KZDC(F, G) defined as follows
{(ISupp(@)|, [Supp(B)|) EN XN : af =0,a,8 € FG \ {0}}
is non-empty.

» If KZDC(F, G) is non-empty, it contains a minimum in N x N
with respect to the lexicographic order < ,i.e.,

(n,m) < (n’,m)ifand only if n<n"orn=n"and m< m'.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» Denote the size of Supp(«) by length(«) for any element « in
a group ring. So length(«) is a positive integer if and only if
a#0.

» If KZDC is not valid in general, there should be a field F, a
torsion-free group G and two non-zero elements o, 3 € FG
such that a5 = 0. So the set KZDC(F, G) defined as follows

{(|Supp(a)|,[Supp(B)) e N x N : af =0,a,8 € FG \ {0}}
is non-empty.
» If KZDC(F, G) is non-empty, it contains a minimum in N x N
with respect to the lexicographic order < ,i.e.,
(n,m) < (n’,m)ifand only if n<n"orn=n"and m< m'.
» The set KZDC(F, G) is symmetric, i.e.,
(n,m) € KZDC(F, G) < (m,n) € KZDC(F, G). This is
because
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» If R is a commutative ring, for any group ring RG, the map
P03 e XX F D oveq kXt is an anti ring automorphism
such that i? is the identity map RG.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» If R is a commutative ring, for any group ring RG, the map
P10 ec XX = D ec rex~ 1 is an anti ring automorphism
such that i? is the identity map RG.

» Thus if a, f € RG such that a5 = 0 then i(f)i(a) = 0. Since
Supp(a)~! = Supp(i(c)) for any element « of a group ring, it
follows that the set KZDC(IF, G) is symmetric.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» For any field F and any torsion-free group G,
(2,m),(n,2) & KZDC(F, G) for all positive integers n, m.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» For any field F and any torsion-free group G,
(2,m),(n,2) & KZDC(F, G) for all positive integers n, m.

> Let [F, be the field of prime size p. If (n,m) € KZDC(Q, G)
then (n’,m') € KZDC(Fp, G) for some n’ < nand m’ < m.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» For any field F and any torsion-free group G,
(2,m),(n,2) & KZDC(F, G) for all positive integers n, m.
> Let [F, be the field of prime size p. If (n,m) € KZDC(Q, G)
then (n’,m') € KZDC(Fp, G) for some n’ < nand m’ < m.
» (Pascal Schweitzer 2013) For any torsion-free group G, if
(n,m) € KZDC(Q, G) then
(i) n>2, (i) m>2,
(i) n>3orm>16, (iv) n>16o0or m>3,
(v) n>4orm>7, (vij n>7orm>4
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» For any field IF and any torsion-free group G, if FG has a zero
divisor then FG has a non-zero element whose square is zero.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» For any field IF and any torsion-free group G, if FG has a zero
divisor then FG has a non-zero element whose square is zero.

» It follows that if (n,n) ¢ KZDC(F, G) for all n € N, then
KZDC(F, G) = 0.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» For any field IF and any torsion-free group G, if FG has a zero
divisor then FG has a non-zero element whose square is zero.

» It follows that if (n,n) ¢ KZDC(F, G) for all n € N, then
KZDC(F, G) = 0.

» Pascal Schweitzer says that "It is thus sufficient to check the
conjecture only for length combinations for which
length(c) = length(3). However, in the construction that,
given a zero divisor produces an element of square zero, it is
not clear how the length changes.”
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» For any field IF and any torsion-free group G, if FG has a zero
divisor then FG has a non-zero element whose square is zero.

» It follows that if (n,n) ¢ KZDC(F, G) for all n € N, then
KZDC(F, G) = 0.

» Pascal Schweitzer says that "It is thus sufficient to check the
conjecture only for length combinations for which
length(c) = length(3). However, in the construction that,
given a zero divisor produces an element of square zero, it is
not clear how the length changes.”

» (A) If a,5 € FG \ {0} such that a5 =0, then v = Sxa # 0
for some x € G. Since
length(Bxa) < length(B)length(xa) = length(«)length(53), it
follows that if (¢,¢) ¢ KZDC(F, G) for all £ < n for some n,
then (s, t) € KZDC(F, G) for all positive integers s, t such
that st < n. It is because 42 = 0 and v # 0.
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Kaplansky Zero Divisor Conjecture (KZDC): Length

Approach

» Suppose that Sxa = 0 for all x € G. Then 6(3")6(’) =0,
where 8/ = b~13 and o/ = aa~! and b € Supp(p) and
a € Supp(«) are arbitrary elements. Note that

1¢ € Supp(a’) N Supp(B’) and so O(B") # 0 and () # 0.
This is not possible, as the supports of 6(3’) and 6()
generate a torsion-free abelian group.
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Possible Zero Divisors of Length 3 in ZG

» Let G be a torsion-free group and let
a = a1h; + azhy + azhs € ZG and length(a) = 3. Suppose
that « is a zero divisor.

Alireza Abdollahi Kaplansky zero divisor conjecture



Possible Zero Divisors of Length 3 in ZG

» Let G be a torsion-free group and let
a = a1h; + azhy + azhs € ZG and length(a) = 3. Suppose
that « is a zero divisor.

» We may assume that ged(a1, az, a3) = 1. If || > 1 for some
i, then p divides «; for some prime p. It follows that the

image of o in [F,G is a zero divisor of length at most 2, which
is not possible.

Alireza Abdollahi Kaplansky zero divisor conjecture



Possible Zero Divisors of Length 3 in ZG

» Let G be a torsion-free group and let
a = a1h; + azhy + azhs € ZG and length(a) = 3. Suppose
that « is a zero divisor.

» We may assume that ged(a1, az, a3) = 1. If || > 1 for some
i, then p divides «; for some prime p. It follows that the
image of o in [F,G is a zero divisor of length at most 2, which
is not possible.

» Therefore {a1,a,a3} C {—1,1} and so a possible zero
divisor of length 3 in ZG has one of the following forms:
nhy + nhy + nhs or +=(nhy — nhy + nhs) for some non-zero
integer n.
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A Graph Arising from the Existence of Zero Divisors of

Length 3 in F,G

» Let hy + hy + h3 be a possible zero divisor in F»G such that
(h1—|—h2+h3)(g1+-~+gn) = 0, where g1+ +8&n e FG
of length n.
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A Graph Arising from the Existence of Zero Divisors of

Length 3 in F,G

» Let hy + hy + h3 be a possible zero divisor in F»G such that
(h1+ha+h3)(gr+---+8gn) =0, where gy + -+ + g, € F2G
of length n.

» Consider the graph ' whose vertex set is {g1,...,gn} and two
distinct vertices g; and gj are adjacent if hyg; = hygj for some
ok €{1,2,3}.
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A Graph Arising from the Existence of Zero Divisors of

Length 3 in F,G

» Let hy + hy + h3 be a possible zero divisor in F»G such that
(h1—|—h2+h3)(g1+-~+gn) = 0, where g1+ +8&n e FG

of length n.

» Consider the graph ' whose vertex set is {g1,...,gn} and two
distinct vertices g; and gj are adjacent if hyg; = hygj for some
ok €{1,2,3}.

» The graph I is the induced subgraph of the Cayley graph of
the subgroup H = (hy, ha, h3) with respect to the set
S={hthe | £# kb, k € {1,2,3}}.
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A Graph Arising from the Existence of Zero Divisors of

Length 3 in F,G

» The set S has size at most 6. If |S| < 5, then (h; *hy, h; hs)
is abelian. It follows that the group ring FoH has no zero
divisor.
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A Graph Arising from the Existence of Zero Divisors of

Length 3 in F,G

» The set S has size at most 6. If |S| < 5, then (h; *hy, h; hs)
is abelian. It follows that the group ring FoH has no zero
divisor.

» Therefore |S| = 6.
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A Graph Arising from the Existence of Zero Divisors of

Length 3 in F,G

» The set S has size at most 6. If |S| < 5, then (h; *hy, h; hs)
is abelian. It follows that the group ring FoH has no zero
divisor.

» Therefore |S| = 6.

> (Pascal Schweitzer 2013) The graph I is 3-regular without
any triangle.
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A Graph Arising from the Existence of Zero Divisors of

Length 3 in F,G

>

The set S has size at most 6. If |S| <5, then (hy *hy, hy *hs)
is abelian. It follows that the group ring FoH has no zero
divisor.

Therefore |S| = 6.

(Pascal Schweitzer 2013) The graph I is 3-regular without
any triangle.
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